The variational iteration method for eighth-order initial-boundary value problems Abstract. This paper applies the variational iteration method for solving systems of nonlinear ordinary differential equations. The model under consideration in this work is the population dynamics model of two species. Our results show that the variational iteration method provides formulas to approximate the exact solution at every time value with a very cheap computation.
Introduction
Systems of differential equations do not only have important roles in mathematics, but they also play essential roles in other fields of study, such as economics, physics, biology, computer sciences etc. [1] [2] [3] . Furthermore, non-linear phenomena often occurs in real problems. A system of non-linear ordinary differential equations are ordinary differential equations which satisfy that the unknown functions only rely on one independent variable and fulfill at least one of the following requirements: consists of dependent variables and/or derivatives to the power of except one, contains multiplication of dependent variable and/or its derivatives.
In biology, differential equations occur in the model of population growth. This paper solves systems of non-linear ordinary differential equations. In particluar, we solve the population dynamics model of two species with the variational iteration method.
Variational iteration method has been a well-known technique to solve mathematical equations [4] [5] [6] [7] [8] [9] . It is an analytical approach to solving differential equations. Its greatest advantages are that the method is meshless, the solution is an explicit function, and the iterations are convergent to the exact solution very rapidly. Readers interested in other type of meshless method are referred to the Adomian decomposition method [10] [11] [12] .
The paper is written in the following structure. In Section 2, we write the population dynamics model, which is the problem that we want to solve. The variational iteration method to solve the model is presented in Section 3. Computational results are provided in Section 4. We conclude the paper with some remarks in Section 5.
Population dynamics model
This section provides the general form of the model of the population dynamics of two species: 
where:
• ‫ݔ‬ represents the population of the first species,
• ‫ݕ‬ represents the population of the second species, • ܽ ଵ is constant denoting the intrinsic growth rate of species ‫,ݔ‬ • ܽ ଶ is constant denoting the intrinsic growth rate of species ‫,ݕ‬ • ܾ ଵ is constant denoting the rate of the declining in growth of species ‫ݔ‬ due to the increase in the population of species ‫,ݔ‬ • ܾ ଶ is constant denoting the rate of the declining in growth of species ‫ݕ‬ due to the increase in the population of species ‫,ݕ‬ • ܿ ଵ is constant denoting the growth rate of the species ‫ݔ‬ due to interaction with species ‫,ݕ‬ • ܿ ଶ is constant denoting the growth rate of the species ‫ݕ‬ due to interaction with species ‫.ݔ‬ The free variable is time ‫.ݐ‬ A predator and prey model related to equations (1)- (2) can be found in the work of Sharma and Samanta [13] .
Variation iteration method
Variational iteration method consists of three basic concepts, that is: the correction functionals, the restricted variations, and the Lagrange multipliers. For the variational iteration method, in this section we follow the work of Batiha et al. [4] . Details of the original method can be found in the work of Wazwaz [14] .
As an illustration of the basic concept of the variational iteration method, we are given the following non-linear differential equations:
with ‫ܮ‬ is linear operator, ܰ is non-linear operator, and ݃ሺ‫ݐ‬ሻ is a function. Variational iteration method can be established and analysed using a correction functional as follows:
with ߣ is a Lagrange multiplier, ‫ݑ‬ is an approximate solution at the ݊-th interation, ‫ݑ‬ is the restricted variation with ‫ݑߜ‬ = 0, and ߜ is a variational derivative [4] . System (1)- (2) can be rewritten as follows:
The correction functionals of the system (5)- (6) are
where ‫ݔ‬ and ‫ݕ‬ is the restricted variations with ‫ݔߜ‬ = 0 and ‫ݕߜ‬ = 0. From equations (7) and (8) we obtain 
Using integration by parts, equation (9) becomes
Using integration by parts, equation (10) becomes
The Lagrange multipliers ߣ ଵ ሺ‫ݐ‬ሻ and ߣ ଶ ሺ‫ݐ‬ሻ can be obtained by solving the following system as the stationary conditions: .
The variational iterations for system (1)- (2) with ߣ ଵ ሺ‫ݐ‬ሻ = −݁ ି భ ሺ௦ି௧ሻ and ߣ ଶ ሺ‫ݐ‬ሻ = −݁ ି మ ሺ௦ି௧ሻ is given by:
Equations (17) and (18) compute the series of solutions to the population dynamics model of two species. The series converges to the exact solution.
Computational results
From the previous section, values of ‫ܥ‬ ଵ and ‫ܥ‬ ଶ can be obtained from the initial value. We assume that ‫ݔ‬ሺ0ሻ = 4 and ‫ݕ‬ሺ0ሻ = 10. We obtain ‫ܥ‬ ଵ = 4 and ‫ܥ‬ ଶ = 10. Therefore, ‫ݔ‬ ሺ‫ݐ‬ሻ = 4݁ భ ௧ and ‫ݕ‬ ሺ‫ݐ‬ሻ = 10݁ మ ௧ .
In this section, we provide variational iteration solutions to examples of mutualism, parasitism, and competition of two species. Representatives of the solutions for the mutualism model are plotted in Figure 1 for ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ. We do not write ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ in this paper, because the formulas are too long. In Figure 1 , we observe that due to mutualism, populations of both species increase with respect to time at initial stages of the interaction.
Parasitism model
Below are given the solution of the system (1)- (2) Representatives of the solutions to the parasitism model are plotted in Figure 2 for ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ. In this figure we observe that due to parasitism, one of the population decreases respect to time. This then is followed by the other population. Again we do not write ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ in this paper, because the formulas are too long.
Competition model
Below are given the solution to the system (1)-(2) for the competition model using the variational iteration method.
We assume that ܽ ଵ = 0. Representatives of the solutions to the competition model are plotted in Figure 3 for ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ. Once again, we do not write ‫ݔ‬ ଷ ሺ‫ݐ‬ሻ and ‫ݕ‬ ଷ ሺ‫ݐ‬ሻ in this paper, because the formulas are too long.
For small time, both populations increase with respect to time.
Numerical computations for all three cases (mutualism, parasitism, and competition) are given in Table 1 . We have compared with these results with the second order Runge-Kutta numerical method. These results are very accurate, as the discrepancy is less than 10 ି . 
Conclusion
Based on the research that has been done, it can be concluded that the variational iteration method can be used to find the solution of the population dynamics model of two species accurately. The population dynamics model of two species being researched is a system of non-linear ordinary differential equations of the first order with initial values. The variational iteration method gives approximate solutions at every time value without any discretisation of the time domain. The iteration formulas are simple. Therefore, they are easy to compute in solving population dynamics models.
